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It is shown that the principle of locahty and nonconiniutative geometry can be 
connnected by a sheaf theoretical method. In this framework quantum spaces are 
CK . introduced and examples in mathematical physics are given. With the language 

of quantum spaces nonconiniutative principal and vector bundles are defined and 
their properties are studied. Important constructions in the classical theory of 
Mh. principal fibre bundles like associated bundles and differential calculi are car- 

r~| ! ried over to the quantum case. At the end g-deformed instanton models are 

introduced for every integral index. 
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Introduction 

There are two essential principles in quantum field theory, namely symmetry and local- 
ity. Especially in every gauge theory it must be explained what the symmetry objects 
are and what locality means. 

Since some time many theorists hope for noncommutative geometry [^ becoming 
the right tool to formulate quantum field theory rigorously. But now we are in the 
dilemma that the language of noncommutative geometry provides very general and 
powerful symmetry objects, the quantum groups, but not an appropriate method to 
study local aspects. This fundamental problem was the starting point for the present 
paper. 

Let me explain in more detail what the principle of locality in physics says. In the 



algebraic framework ]TT| a net of C*-algebras on Minkowski space describes the local 
structure of observables such that observable algebras defined on spatially seperated 
double cones commute. Alternativly one can require local commutation relations 12^, 
In any case we need mathematical methods to compare observables or fields at 



different space time points or neighbourhoods. But in noncommutative geometry there 
are no points respectively there is no topology on a base space where the fields and 
observables are defined. The problem becomes even more serious if we want to quantise 
gauge theories. A field in a classical gauge theory is a (global) section in a vector bundle. 
Usually those vector bundles are described in local charts or in other words in local 
coordinates. Now gauge transformations of the second kind change the field locally such 
that the observable effects of the field stay the same. The principle of local coordinates 
and gauge transformations is mathematically welldefined in classical geometry and 
physics. The appropriate language is the theory of principal fiber bundles. But up to 
now it hasn't been possible to translate it into noncommutative geometry or rigorous 
quantum field theory [pT| . 

Mathematics also provides arguments to connect local aspects and noncommuta- 
tive methods. Furthermore these arguments even give a hint how to solve the above 
problem. Certain structures on a locally compact topological space M like differen- 
tiable or analytical ones are not characterised by the single algebra Co(M) but by an 
appropriate sheaf on M. Additionaly it is well known from complex geometry [|l^ that 
local function algebras are in general not determined by the global one. So it is quite 
natural to assume that we need a sheaf structure in the noncommutative setting as 
well. This would be very helpful also in the case where commutative function algebras 
are deformed. Then one can keep track of what happens to local algebras of continuous, 
differentiable and analytical functions or sections in a fibre bundle. 

Because of these considerations we give a sheaf theoretical method to connect lo- 
cality and noncommutative geometry. Furthermore within this method it is possible 
to define noncommutative principal fibre bundles which have quantum groups as their 
" structure groups" . 

In the first section we will find an equivalent description of principal fibre bundles 
in the language of sheaves. Then a definition of very general noncommutative spaces 
is given in section 2. In the following noncommutative principal bundles are defined 
and important objects like local coordinates, transition functions and gauge transfor- 
mations are carried over to the noncommmutative case. By the same concept quantum 
vector bundles and associated quantum vector bundles are introduced in section 4. Ad- 
ditionally we study differential calculi on quantum vector bundles. Finally g-deformed 
instanton models give interesting examples where local gauge transformations are set 
up in a noncommutative language. 

This paper grew out of my diploma thesis [^ under the supervision of Prof. J. Wess 



at the " Sektion Physik der Universitat Miinchen" . 



1 Principal Fibre Bundles 

Let us repeat the well known definition of a principal fibre bundle (see for example 
1,1,0). 

Definition 1.1 LetP,M be topological spaces, G a topological group and tt : P — > M 
a continous mapping. {P, M, vr, G) is called a principal fibre bundle with total space 
P , basis M and structure group G, if the following conditions are satisfied. 

{{) 7c is surjective. 

(ii) G acts freely from the right on P. 

(Hi) The equation 7i{ui) = n{u2) for Mi, U2 & P is valid if and only if Uia = U2 
for an a E G . 

(iv) P is locally trivial over M, i. e. there exists an open covering U = {U^)^^j of M 
and homeomorphisms ip^ : 7r^^([/J — > U^ x G , u 1 — > (7r('u) , ri^{u)) , such that 

i),{ua) = (7r(M) , r],{u)a), u e 7r"^(t/J, a e G. (1) 



Remark 1.2 The homeomorphisms ip,^ with l E I are the local trivializations of the 
principal bundle. 

The conditions (i) to (iv) in the above definition are not independant from each other. 
In the next theorem we give a characterization of principal bundles where the defining 
axioms are independant. The obvious proof of the theorem is skipped. 

Theorem 1.3 Let P, M be topological spaces, G a topological group and n : P — »• M 
continuous. Assume the following two conditions to be true. 

{i) 71 is surjective. 

(ii) P is locally trivial over M, i. e. there exists an open covering U = {U^)i,^j of M 
and homeomorphisms ipi, : 7r~^(f/J — > U^ x G , such that 

pnoT/', = 7r|^-i(c/^)=: 7r|c/^, (2) 

and 

ijj, o t/;"^ (x, ab) 
= [x , pr2{ip,otlj^^{x,a))b), xeU.nU,^, a,b e G. (3) 



Then by 

u- a := ij~^{pri{tp,{u)) , pr2{iJ,{u))a), uen~^{U,), a e G, (4) 

a right G-action on P is defined. Furthermore {P, M, it, G) is a principal fibre bundle 
over M with trivialisations ipi, , l E I . On the other hand given any principal bundle 
(P, M, TT, G) with trivialisations ip^ , t E I the above conditions (i) and (ii) hold, and 
the right G-action is given locally by equation (|^). 

We introduce some notation. Let Ai (resp. J-') be the sheaf of complex and bounded 
continous functions on M (resp. G). Now Ai and !F are sheaves of Banach-*-algebras. 
Let U, V be open in M. Then V{U) is the algebra of complex and bounded continous 
functions on 7i^^{U). The canonical injections 

i^ : U — > V, u I — > u, 

where U C V C M open define restrictions V{i}^) = rjj : ViV) i — > 'PiU) , / i — »• 
/ \-K-'^{u)- Now "P is a sheaf of algebras on M, or more clearly a sheaf of Banach-*- 
algebras. The continuous function tt : P — > M induces a sheaf morphism 

^ = T,*.,M^V, 7r*{f) = fon\u, feM{U), 

and the G-action on P a sheaf morphism (p : V — > V ® ^{G) by 

(f)u{h){u,a) = h{ua), heV, ueiT'^{U), a e G. (5) 

Finally the local trivialisations give sheaf morphisms 
a : Mlu^^J'iG) -^ V\u, 

f®g ^ {f®g)oi^^u. geJ^G, feM{U),UcU,. 

Proposition 1.4 Let P,M be locally compact topological spaces, G a locally compact 
topological group and tc : P — > M continuous. With the above definition ofV,Ai, g the 
quadrupel (P, M, vr, G) is a principal fibre bundle if and only if the following conditions 
(i) and (ii) are satisfied. 

{{) The sequence — > A4 — > V is exact. 

{ii) One can find an open covering U = (t/J^g/ of M and continuous mappings 
ipL : TT~^{Ui) — > U^ X G with the following property. The sheaf morphisms 
Q^ : A4\u, ®J^G — ^ 'P\u, > L E I are isomorphisms and define sheaf morphisms 
^K,, ■■ M \u^ ®J^G — ^ M It/,, ®^G , t, K G / by {Q^,,)u = {^^)u^ o (Q,)^ . These 
sheaf morphisms satisfy the equations 

(a)^(/®l) = f?c/(/), feM,UcU„ (6) 

{{n^,,)u®id)o{id®A) = {id®A)o{n^^,)^, ucu.nu^, (7) 

where m [resp. A) is the multiplication {resp. comultiplication) in J^{G). 



Proof: For U <ZU^ open, / G M.{U) and u E ti ^(f/) wre have the equations 

{n,)u{f®i){u) = fipnoi;,{u)), (8) 

Quif) (u) = /(vrH), (9) 

and for U C U^HUk open, / G M.{U) ^{G) , x & U and a,b E G the equations 

(fi.,J^(/) (x, a) = /(^, o ^;i(x, a)), (10) 

{{id ® A) o (fi,,J^) (/) (a;, a, 6) = f{^, o ^-.Ix, a6)), (11) 

(((fi«,J^ ® zd) o {td A)) (/) (x, a, 6) = /(x , pr2{tP, o ^^^ (x, a)) b). (12) 

First suppose {P,M,tt,G) to define a principal fibre bundle with trivialisations ip^ : 
7i~^{U^) — > Ui_ X G . As TT : P — y M is surjective, the sequence — > M. — > V 
is exact and (i) holds. The equations (P), (P) and (0) imply (|^). Furthermore the 
equations (|TID , ([12D and (H) give (0). Altogether this proofs (ii). 

Now we have to show the other implication. Assume (i) and (ii) being true for 
(P,M,7r,G). Then the relations (|), (|) and (|) entail 

f{pri o ^, {u)) = f{n{u)), f E M{U), u E Ti~^{u). 

As the continuous functions on U are seperating, we get (0). Similarly (|TTp, ([T2|) and 
(^ give the equation 

/(^, o t/'^i (x, a6)) = /(x , pr2(^, o ^"^ (x, a)) 6) 

for / E M.{U) ® ^{G) , X E U and a,b E G . Now we have shown (^) and condition 
(ii) in the theorem pTS] . As pri 0-?/;^ = vr |(7^ and W = (t/JiG/ covers M, vr is surjective. 
That is all. □ 



Corollary 1.5 Assume to be given a tupel {V,A4,g,H), where M. is the commutative 
sheaf of complex bounded continuous functions on a locally compact topological space 
M , V is a sheaf of commutative C* -algebras over M , g : M. — > V a sheaf morphism 
and H a commutative {topological) Hopf algebra. {V, Ai, M, g, H) can be identified with 
a principal fibre bundle if the following conditions hold. 

{{) The sequence — > A4 — > V is exact. 

{ii) There exists an open covering U = {U^)l^i of M and sheaf isomorphisms Vt^ : 
M. \u, ®H — > V 1(7,, i E I such that (^^ and fi^.t whith (fi^.^f/ = (^k)c/ o 
{^i)u, U C U^HUk satisfy the equations (H) and (^. 

Proof: One can construct the locally compact topological spaces P, M, G and the 
continuous mappings vr, ip^ by the Gelfand transformation. Then the assumptions of 
proposition [1.4| hold and the corollary is shown. D 



2 Quantum Spaces 

In this section we define the frame in which the principle of locahty and noncommuta- 
tive geometry can be connected. We use a sheaf theoretical language which is already 
well known in the commutative setting of algebraic geometry and complex analysis. 
See the appendix A for the definition of sheaves and the literature |^, |16| for further 
details on sheaves. 

Definition 2.1 Let A be subcategory of the category Alg of all associative algebras. 
An A-quantum space over a topological space M is a sheaf J^ over M with objects in 
A. The category of A-quantum spaces is dual to the category of sheaves over topological 
spaces and will be denoted by A-Qs. 

Let A1 be a sheaf over M,. If we consider A1 as a an object of A-Qs, we sometimes 
write Aiq. Now let A/" be a sheaf over N and / : M — > A^ a continuous mapping. 
A morphism J^q : J^q — > Mq of sheaves over / will be written Tq : A4q — > A/g if 
regarded as a morphism in A-Qs. The A-quantum spaces over a topological space M 
with morphisms over the identity idM form a subcategory A-Qsjy^ of A-Qs. 

The following examples of quantum spaces show that it is possible to include a 
concept of locality in noncommutative geometry. They also comprise important objects 
of commutative and noncommutative geometry. 

Example 2.2 Let M be a topological space, A an object in A and C the locally constant 
sheaf on M with objects in A. C is an A-quantum space. 



Ringed spaces are important tools of complex analysis and algebraic geometry [jT2|, |T5|. 
A ringed space is simply a pair (M, Om), where M is a topological space and Om a 
sheaf of commutative rings. 

Example 2.3 Ringed spaces (M, Om) o'^e commutative quantum spaces. 

Manifolds, complex spaces end schemes can also be considered as ringed spaces or 
commutative quantum spaces. To explain that let us first write down some special 
ringed spaces: 

sheaf of continuous functions on M", ra G N, 
sheaf of r-times continuously differentiable 
functions on R'', n G N, r G N* U {oo}, 
sheaf of real analytic functions on M", n G M, 
sheaf of holomorphic functions on C", n G N. 

Example 2.4 Let n eN and r G N* U {oo}. A ringed space {X, Ox) is called a 



(R^c), 


where 


C 


(R^r), 


where 


c- 


{W,C^), 


where 


c^ 


(c^a), 


where 


On 



(i) topological manifold of dimension n, if{X,Ox) is locally isomorphic to {W-,C), 

{ii) differentiable r -manifold of dimension n, if (X, Ox) is locally isomorphic to 

(M",r), 

(Hi) real analytic manifold of dimension n, if (X, Ox) is locally isomorphic to 

{iv) complex manifold of dimension n, if (X, Ox) is locally isomorphic to (C", On), 

(v) scheme, if for every x G X there exists an open neighbourhood U of x, such that 
{U, Ox \u) is isomorphic to an affine scheme. 

All those spaces are quantum spaces. 

Supersymmetric structures (see Wess, Bagger p2[) are our first examples of noncommu- 
tative quantum spaces. Most easily this can be seen with the definition of superspaces 



according to Manin [jT8|. 



Definition 2.5 A superspace consists of a pair {M,Om), where M is a topological 
space and Om cl sheaf of supercommutative rings, such that all stalks Om,x , x & M 
are local. 

Supermanifolds are superspaces which locally split into an even and odd part such that 
the splitting is differentiable and the odd part is a locally free module sheaf over the 
even part. 

Example 2.6 Superspaces and supermanifolds are noncommutative quantum spaces. 

We already cite here an example of a quantum space we are going to construct in 
section ^. 

Example 2.7 The q-deformed space time over the background S'^ is a noncommutative 
quantum space. 



3 Quantum Principal Bundles 

3.1 The Category of Quantum Principal Bundles 



Corollary |1.5| characterises principal bundles in the language of sheaves of commutative 
algebras. If we simply leave out the requirement for the commutativity of the local 



algebras we almost get the definition of noncommutative principal bundles or quantum 
principal bundles. One further generalisation compared with the commutative case has 
to be made. The reason lies in the fact that the tensor product of a noncommutative 
algebra and a Hopf algebra posses "more multiplications" than the tensor product of the 
corresponding commutative objects. So we have to specify the choosen multiplication 
on the local tensor products by the methods of appendix B. 

Let M be a topological space and A a subcategory of the category of all associative 
C-algebras. Suppose we are given the following objects: 

(z) a sheaf Ai over M with objects in A called the base quantum space, 

(ii) a sheaf V over M with objects in A called the total quantum space, 

[Hi) a sheaf morphism g : Ai — > V called the projection, 

iiv) a Hopf algebra H called the structure quantum group, 

iy) a family of sheaf morphisms (fij^gj- , fi^ : M. \u, H^cH — > 'P \u, : where 
U = {U^)i,^i is an open covering of M and #t is a crossed product defined 
according to theorem p.2| by a weak action a^ : H x A4 \u, — ^ -M \u, and a 



normal cocycle t : H x H — > MiU,) fulfilling the twisted module condition. 

The tupel {V,M., g, H, (r^J^^^) gives the data of an A-quantum principal bundle over 
M. Its entries can be regarded as the noncommutative generalisations of respectively 
the total space, base space, projection, structure group and trivialisation of a classical 
principal bundle. 

Definition 3.1 {V,M., g, H, {Q^)^^j) is said to be an A-quantum principal bundle over 
M with coordinate system {Q^)^^j , if the following conditions are fulfilled. 

(i) The sequence — > A4 — > V is exact. 

{ii) The algebras M.{U) and V{U) are unitary for U G U^ open. 

(Hi) Let the sheaf morphisms fi^.t : At lu.nu,, H^iH — > M. \u,r\U^ H^^H he defined 
by [yiK^ij = [P'k) o [p-ij , where U C Ui^nU,.^ open. Then the the following 
equations are valid: 

(Q,)^ (/#a) = Quif), f e M{U), UCU, (13) 

{{^.,.)u ® ^d) o {id ® A) = {id ® A) o (f],,J^, UcU.n f/«. (14) 



Suppose we are given a second A-quantum principal bundle (P, A^, g, H, (fiK)^^^^-) over 
M with coordinate system {fiK)i^(zK being defined on the open covering (K;)^^^ of M. 
The two A-quantum principal bundles with coordinate system are equivalent, if for 
t/ C t/(, n [/«; open, L E I, K, G J the sheaf morphisms 

n.,,:M\u,nu.i^.H -^ M\u,nu.i^.H, (^,,J^ = (fi,)"^ o (fij^, (15) 

satisfy the equation 

((fi«,Jj^(g)irf)o(zd(g)A) = (id® A)o(fi^J^. (16) 

This relation is an equivalence relation in the class of all A-quantum principal bundles 
over M with coordinate system. 

Definition 3.2 An equivalence class of A-quantum principal bundles over M with 
coordinate system is called an A-quantum principal bundle over M . 



Remark 3.3 If no misunderstandings can arise we will not distinguish betweeen quan- 
tum principle bundles with coordinate system and their equivalence classes, the quantum 
principal bundles. 



Remark 3.4 The algebras M. \u,r\Uf, H^lH are socalled Hopf Galois extensions {see 
for further details) . Therefore one can interpret quantum principal bundles as sheaves 
which locally look like appropriate Hopf Galois extensions. 

We would like to regard the quantum principle bundles as objects of a certain category. 
The following definition provides the necessary morphisms of this category. 

Definition 3.5 Let (V,M, g,H,{Q,)^^j) {resp. {Af,Q,g,H,{Q^)^^^)) be an A-QPB 
over M {resp. overN), where the coordinate system (fij^^j {resp. {^k)^^^^) '^^ defined 
on the open covering {U^)^^j {resp. (K;)^g^) of M {resp. N). A morphism of A- 
quantum principal bundles 

{V,M, g, H, {U,)^^j) -^{Q,Af, ~g, H, (K)^^/.) 

consists of a tupel {TZ, JF, /, h) such that the relations {i) to {iv) are satisfied. 

{i) f : M — > N is a continuous mapping. 



(ii) TZ : Q — > V and T : M — > M. are morphismen of A-sheaves over f such that 
the diagram 




commutes. 

[in) h : H — > H is a morphism of Hopf algebras. 

{iv) Let the mapping %^i^y with l E I , n E J , V dVi^ open and U 
defined by 



f-\v)nu, be 



T,.,v : ^fiV)#.H ^^ QiV) ^ 



■Rv 



V{f-\V)) 



J-\v) 



V{U) 



mv' 



M{U)4h.H 



Then we have 



{id (g) A^) o X^^y = (X.,K,v ^h)o {id (g) A^) 



;i7) 



By a standard calculation we get the following theorem. 

Theorem 3.6 The A-quantum principal bundles and their morphisms { definition 
|3l5|) form a category A-Qpb. The A-quantum principal bundles over M {resp. the 
A-quantum principal bundles over M with basis }A) together with the morphisms 
{f,7l,J-',h) of the form f = idM {resp. f = idu and T = idj^) form a subcate- 
gory being denoted by A-Qpb^^ {resp. A-Qpb^). 



3.2 Coaction of the Structure Quantum Group 

The structure quantum group H can be regarded as a gauge quantum group. In analogy 
with the commutative case H should (co-)act on the quantum bundle or in other words 
should provide noncommutative gauge transformations of the first kind. Starting from 
the example of commutative principle bundles we will show how to define this coaction 
and derive some fundamental results about it. 
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Let the sheaves Ai, V and the Hopf algebra H be given by a principal bundle 
(P, M, TT, G). The next question is what kind of iJ-coaction the G-action on P induces. 
To give an answer define for all [/ C M open a homomorphism (pu : V{U) — > V{U)®H 
by 

Mf){u. a) = /M, / e P(f/), « e 7r-i(f/), aeG. (18) 

As M(a6) = {ua)h for u G 7r^^(f/), a,b E G ( PTS] ) entails 

((zd®A)o0^)(/)(n,a,6) = /(n(a6)) 

= /(M&) 

= ((0c/®^rf)o0f7)(/)(M,a,6), (19) 

that is 

{id (g) A) o 0t7 = (017 ® ic?) o (j)u. (20) 

A similar consideration using ue = u for n G 7r~^(f/) proofs 

{id®e) o(j)jj = id. (21) 

Therefore 0(7 gives 'P(f/) the structure of an ilf-right-coniodule and provides for a 
sheaf- morphism : V — > V ® H. li U <Z U,,, we can express (pu directly by the local 



trivialisations fi^ of the sheaf V. Using (^ in theorem |L^ as well as ( [I8| ) one gets the 
relation 

<t>u{f){u,a) 
= f (^r^ (pri {-ipLiu)) ,pr2 {ip,{u)) a)) 
= {{n,0id)o{id0A)on;^{f)){u,a), (22) 

that is 

0c/ = [Q, (g) id) o {id (g) A) o Q-'^ . (23) 

Equation (|23|) will be now be used to define a sheaf-morphism 

0:P — >V®H 

in the general case of an arbitrary quantum principal bundle {V,A4, g, H, (fij^g/). Let 
us show that by equation (|23|) is welldefined even in the noncommutative setting. 
We first have to proof 

{{n,(gid)o{id(gA)on;^){f) = {{n^®id)o{td®A)on-^){f) (24) 

11 



for all f/ C f/i n f/fi; open and f eV{U) . But this is a consequence from 

{{VL,®id)o{id®^)on-;^){f) 

= {{{Q^ o fi^^J ® td) o {id ® A) o (a,« o f];l)) (/) 

= ((fi^ ® irf) o (irf ® A) o n^^, o f],^^ o fi^i) (/) 

- {{n^®id)o{id®^)oVt-^){f). (25) 

In the second step lei U d M be open and / G V{U). Then for all i G / the 
homorphism (pu.nuij'u.nuif)) is defined, and for all l, k E I 

= ^Knc/°0f/.nc/(r^.nf/(/))- (26) 

is true. As P (S) iJ is a sheaf, one gets a (puif) ^ "^(f^) ® -^^ with 

rlnu ° 0i/(/) = m^ ® ^^) ° (^^ ® A) o fi;^) (r[;^n^(/)). (27) 

Now the next theorem is evident. 

Theorem 3.7 Let (P,7V1, f), /J, (fij^e/) be an A-quantum principal bundle . Then 
there exists a uniquely defined sheaf-morphism : V — > V ® H fulfilling 

Mf) = m ® ^d) o {td ® A) o Q;^) (/), / G V{U), U c U,. (28) 

If {V,A4, g,H,{Qi)^^j)) is given by a commutative principal bundle {P,M,7i,G), the 
relation 

Mf)iu,a) = f{ua), feViU), uen-\U), aeG (29) 

is true. 

Corollary 3.8 V{U) is an H -right- comodule with coaction (pjj, that is the following 
relations hold: 

{id (^A)o(f)u = {(f)u O id) o 0^^, (30) 

{id ® e) o (l)ij = id. (31) 
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Proof: As is a sheaf-morphism, it suffices to show ( pO]) and ( |3T| ) only locally for 
f/ C f/t open. We have: 

(0[/ (g) id) o 0(7 
= (fi, (g) zd (g) id) o (id (g) A (8 zd) o (1]^"^ (g id) o 

(fi, (g id) o (id (g A) o Jl^^i 
= {Q, (g id (g id) o (id (g A (g id) o (id (g A) o ll^^ 
= {Q, (g id (g id) o {id (g id (g A) o (id (g A) o ll^^ 
= {id (g A) o (r2, (g id) o (id (g A) o Jl^"^ 
= {td0A)o^u, (32) 



(id (g £:) o (/)f/ 
= {id (g e) o (fi, (g id) o (id (g A) o r^^^ 
= {Q, (g id) o {id (g id (g £:) o (id (g A) o f]^"^ 

= n,on;^ 

= id. (33) 

Quod erat demonstrandum. D 



Remark 3.9 The last corollary justifies to call (p o- noncommutative gauge transfor- 
mation of the first kind. 

For the moment let us suppose again V,Ai,Q,H being defined by a classical principal 
bundle {P,M,7r,G). The relation n{ua) = 7r{u) for u & P, a E G implies 

<Pu o Quif) = Qu{f) ® 1, / e M{U), (34) 

because the equations 

0c/o^c/(/)(^,a) = 0c/(/o7r) (u,a) = f{-n{ua)) (35) 

Qu{f)®l{u,a) = fo7r{u) (36) 

are true. An analogous result holds in the noncommmutative case. 
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Theorem 3.10 Let U G M be open. Then h G V{U) satisfies the equation 

Mh) = h®l (37) 

if and only if h = Qu{f) for a f E A4{U) . 

Proof: As g and are sheaf-niorphism it suffices to assume U G U^ . Let us ffist 
suppose that h = Quif) for a / G Ai{U) . Then we get with (|13|): 

<t>U o Qif) 

= {{Q,®id)o{id®A)on;^){gu{f)) 
= {{Q,®zd)o{id®A)){fi^J) 

= (a ® ^rf) (/#a ® 1) 

= Quifl^l- (38) 

This gives one direction of the assertion. Now assume (puih) = /i ® 1 for a h E V{U) . 
Then equation ( pSD implies: 

{id®e®id){n^^{h) O 1) 
= {{id (g) e (g) id) o {id (g) A) o ri'^'^) (h) 
= ^:\h). (39) 

As {id®e®id) {VL-;^{h)(gl) e M{U) #, i7 , the relations (|13|) and / := {id®e)oVL-^{h) 
entail h = Qu{f)i which gives the other direction. □ 

3.3 Transition Functions 

In the following we will derive some basic properties of the local coordinate changes 
$7^,1 . Define the linear mappings t^^k : H — > M.{Ul fl U^) , i, k G / by 

rUa) ■■= (id ® e) o fi,,,(l#,(7), g e H. (40) 

Then the fi^ ,, can be written in the form: 

fi.,(/#.^) 

= fi.,.(/#a) ■ fi.,.(i#.^) 

= (/#«!) ■ {{td ®e®td)o {id ® A) o fi^,,)(l#,^) 

= (/#«!) ■ {{id (ge(gid)o {n^^, (g id) o {id (g A))(l#,^) 

(9) 

= E(/-(^^'"'''=°^.«)(^(i)))#«^(2), (41) 

(9) 
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where / G A^(f/) , U C U^HUk , and g E H , or in the form 

n^^, = {{m®id)o {id ® {tYj'^^" o r,,«) ® id) o{id®A)). (42) 

Let us show that the hnear mappings t^^k can be considered as a generahsation of 
the transition functions in classical geometry. Suppose the quantum principal bundle 
{V,Ai,g,H,{Q^)^^j) is given by a principal bundle (P, M, tt, G) with triviahsations 
ijj^ : 7r~^ {Ui,) — > U^ X G . By the definition of the r^ ^ it is obvious that they have the 
form 

r,,« : H — > M{U,nU^), g \ — > go r],^^. 

where the t]^,^ are the classical transition functions defined by 

ijj,o^-^{x,a) = {x,r],^^{x)a). (43) 

In the commutative case the r^^ are morphisms of algebras, whereas in general they 
are only linear mappings between algebras. 

The r^K are not independant from each other but fulfill certain conditions we will 
derive in the sequel. Let us first give an important definition. 

Definition 3.11 LetU = (t/J^g/ be an open covering of M, H a Hopf algebra and M. 
an A-quantum space over M. Further let (Tt_K)(t,K)G/x/ be a family of linear mappings 
Tt^K : H — > M.{Ui, n f/^) satisfying the following conditions. 

(0 V(l) = 1. 

(iii) r.^^ig) = ^{g) -1, g ^ H, 

where U = U^nU^riUx and the convolution product * is to be formed in the convolution 
algebra Ham {H,A4{U)). Then (Tt^K)((,,K)G/x/ is called an H-cocycle in M.^ 

Now the defining equation (|y) imphes 

T-.,«(l) = 1- (44) 



^The cocycles defined here are different to tfie ones in ttieorem B.2. The context always makes 



clear which kind of cocycles are meant so that no confusions can arise. 
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Then we have for f/ C f/^ fl [/« fl ?7a open because of P^ ) and the definition of the Q^^k'- 
(m (g) id) o {id O (r^^*^^^ o t.^a) ® id) o (irf (g) A) 

= ^A,K ° ^K,t 

= (m (g) irf) o (irf (g (r[|'="'^^ o r«,,A) ® id) o (it/ (g A) o 

(m (g i(i) o (ic? (g (r^'-"^" o r.^^) ® ^c?) ° {id (g A) 
= (m (g id) o (m (g id (g id) o 

(2d ® (r^;'"^-- o r,,«) ® (r[;«"^^ o t.^a) ® ^d) o 

(id (g id (g A) o (id (g A) 
= (m (g id) o [id (g m (g id) o 

(2d ® (r[;'"^« o r,,,) ® (r[;«"^^ o r.,,) ® zd) o 

(id(g A(gid) o (id(g A). (45) 

This relation entails for g & H: 

(r^;'"^^ o r,A) (g) 
= {{id (g £) o (m (g id) o {id (g (r[['"^^ o t,^^) (g id) o (id (g A)) (1 (g 5-) 
= {{id (g £:) o (?Ti (g id) o (id (g ?Ti (g id) o 

(2d ® (r^l'"^-^ o r,,,) ® (r[;^"^^ o t^.a) ® ^d) o 

(id (g A (g id) o (id (g A)) (1 (g ^f) 
= (mo((r[;'n^"or,.)®(r[;«"^^or.,A))oA)((7). (46) 

Finally (0) gives for t = k, and g E H the equation: 

r,,(^) = £((7) ■ 1. (47) 

Let us subsume the last results in a proposition. 

Proposition 3.12 The transition functions r^^^ '■ H — > M.{Ui_ fl U^) of a quantum 
principal bundle {V,Ai, g,H, (i^J^g/) form an H-cocycle in Ai. 

The transition functions r^ ^ characterise the (quantum) principal bundle in the com- 
mutative as well as in the noncommutative case. We will show how to construct a 
quantum principal bundle out of a family {t^^k){i.,h)£IxI of transition functions fulfilling 
the cocycle conditions in definition |3.11 . Let us further suppose we are given a family 



(ajtg/ of weak actions a^ : A4{U^) x H — > Ai{U,,) and a family (t)tg/ of normal 
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cocycles l : H x H — > ^A{U^) fulfilling the twisted module conditionR According to 



appendix B, theorem |B .21 the crossed products Ai{U)4fi,H exist for all U dU^ open. 



It is assumed now that the linear mappings 

(m id) o {id ® t^^^ ® id) o (id ® A) : 

M{U,nU^)i^[H -^ M{U,nU^)i^^H 

are morphisms of algebras with unity. 

To construct the desired quantum principal bundle we consider the algebras 

Vo{U) = e M{U,r\U)i^,H (4^ 

for all U G M open and their subalgebras 



V{U) = { E A G VoiU) ■.^i,KeI (r^:^^^nl/ ® ^d) (/,) = 

((m ® id) o {id ® {r]^'P^lc^u ° ^^«) ® id)o (49) 

Obviously U — > Vq{U) defines a sheaf Vq on M and U — > 'PiU) a subsheaf V. The 
next lemma helps to characterise the sheaf V. 

Lemma 3.13 Suppose J2 fi, ^ T^oiU) and U d U^ open. Then E /t ^ "^(f^) (f ^^^ 
only if for all t E I the equation 



{ru[nu^nu®^d){f,) = {{m ® id) o (id ® ir^:^^:^,,^ ° ^^,-) ® ^d)o 

o{id®A)o{r'i:^l^^®id)){f,) 



u.nu ^^-,n^,,^ (50) 



is satisfied. 



Proof: Let Y. fi. ^ 'PoiU) fulfill the relation (^^. According to definition ^.11| (2) we 

t.ei 
have for all l,X, fi E /: 

((m ® id) o [id ® [rul'^ulnu ° ^^,a) ® ^c?) o (irf ® A))o 

((m ® id) o (irf ® (%^n[|;;n[/ ° ^a,m) ® ^c?) o (id ® A)) 
= ((m (g) Z(i) o (id (g) m (g) id) o 

(id O (r[^;n[^^nc/ ° ^^,a) ® (^SnJ^l^nc/ ° '^Kf.) ® ^t^) o 
(id® A (g)id) o (id(g) A)) 

= ((m®id)o(id®(r[^;pE^;;n[/°^^,M)®^^)°(^^®^))- (51) 



^See the appendix for further details on weak actions and normal cocycles. 
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This equation as well as (|^) und |3.11| (2) imply 



= {{m®id)o {id ® {r^'l!^lnu ° ^«,a) ® id) o {id O A) o 

(^£n[^,nf/®^rf))(/«)- (52) 

With ( plD one derives the relation 

(^Sna.nL. ® ^rf) (/J 
= {{m ® id) o (irf ® {r^'^lnu ° ^^,«) ® ^^) ° (^^ ® A) o 

(rKni/®^rf))(/.) 
= {{m ® id) o {id ® {r\^[nulnu ° t-,,^) ® id) o (irf ® A) o 

(m ® irf) o (irf ® {r^'^lnu ° ^«,a) ® id) ° (^^^ ® A) o 

(^Kn^®^^))(/A) 
= {{m (g) irf) o {id ® (r[|;n[{^nc/ ° ^^,a) ® ^c?) o (id ® A) o 

iru:nlnu^^d)){h). (53) 

Therefore Z) /t G 'P(t/) and one part of the assertation is proven. The other one is 
trivial. □ 

We have to supply sheaf-morphisms g : Ai — > V and fi^ : A^ |^^ #f^G — ^ '^\u,- As 
for all f e M{U) , U e M open the sum J2 '"[/,nc/(/)#^l li^s in V{U) , we can set 

g : M — y V, 

Qu : M{U) ^ P(t/), / ^ E r^r^uiMX 

The mapping fi^ : A^ |;7^ #f^G — ^ "^ Ic/^ shall be given by 

a : A^lc/. #.^G ^ ^It/. 

(a)t/ : M{U)4^,Tg -^ V{U), / ^^ E A, f/Cf/„ 

where 



/«; = {{m®id)o 

o{id ® {r'i'Plilr.u ° ^.,k) ® ^rf) ° {^d ® A) o (r^:?:]^^^^/ ® ^d)) (/). (54) 



We have in particular fi. = f- Now lemma p.l3| shows that fi^ is welldefined. By 



the definition of g and Q,^ it is clear that the equation (|1^) {Q^)jj{f ® 1) = gu{f) for 
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/ e A4(U) , [/ C f/t is satisfied. If we can proof fi^ being bijective, our considerations 
show tliat gu is injective for U C U^. This will give the exactness of the sequence 



— >M^^V. 

Therefore it has to be proven that Q^ is an isomorphism which satisfies (0). Define 
for U C Ui, open: 

{Z,)u : V{U) -^ M{U)j^,H, E f. ^^ L 

K&I 

Then it is easy to see 

St o r2t = id und l^^ o S^ = id, (55) 

that is Vt^ is a sheaf-isomorphism with inverse S^. Further we get (0) 

{yi,®id)o{id®/\) = {id® A) on,, (56) 

which follows from the definition of Q, and the coassociativity in H. Now we can state 
the final theorem. 

Theorem 3.14 Let U = {U,),t^i be an open covering of M , H a Hopf algebra, 
Ai an A-quantum space over M , and {T,,K){i.,K)eixi c^n H-cocycle in M.. Further let 
a, : Ai{U,) X H — > A4{U,) be weak actions and t : H x H — > A4{U,) normal 
cocycles fulfilling the twisted module condition. The linear mappings 

{m (8) id) o [id ® t^^^ C?> id) o [id ® A) : 

M[u,nu^)iflH -^ M[u,nu^)4f.H 

are supposed to be morphisms of algebras with unity. Then there exists an A-quantum 
principal bundle [V, A4, g, H, (fij^g/) over M uniquely defined up to isomorphism such 
that the r^^^ are its transition functions or in other words such that 



{^k,l)u = [m®id)o[id®[r^'^l^^oT,^^,)®id)o 
o(zd®A)o(r[;:^[;^nc/®^rf) 

is satisfied for U <Z U.nU^, open. 



(57) 
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Proof: Most of the theorem has been proven above, but we still have to show (|57D. 
Let U cU.nU^he open, / e A^(f/)#,if , g E M{U)4^.H and g = ((fi.,J^) (/) . 
Then (|5|) entails 

9 = 9k = prKii^K)ui9)) = P^«((^Jt/(/)) = Ik = iim(g)id)o 

{td ® {r\!,:^l^:nu ° n,.) ® id) o (zd ® A) o {r\^:^\^^^u ® ^rf)) (/), (58) 

which gives the desired equation. The statement about the uniqueness of the quantum 
principal bundle up to isomorphism is clear by definition. □ 



4 Quantum Vector Bundles 

4.1 Definition and Examples 

We can also translate vector bundles in the language of quantum spaces. As typical 



fibres we use quadratic algebras which according to Manin |T^ are considered as the 
noncommutative linear spaces. Like in the case of quantum groups the multiplication 
on the tensor products serving as the local trivialisations has to be defined by the 
methods in appendix B. 

Suppose we are given the following objects: 

{{) a sheaf Ai over a topological space M with objects in the category A called the 
base quantum space, 

(ii) a sheaf V over M with objects in A called the total quantum space, 

(iii) a sheaf morphism g : J\4 i — > V called the projection, 

(iv) a quadratic algebra A called the typical fibre, 

(t>) a Hopf-algebra H called the structure quantum group, 

(vi) a coaction (f : A i — > H ^ A , 

{vii) a family (Fj^g/ of sheaf morphisms F^ : ^A \u^ H^i,A — > V \u, , where lA = 
{Ui)^(zi is an open covering of M and #t is a crossed product which is given 
according to theorem |B.6| by a weak action a,^ : H ^ M.\u^ — > M.\u^, a normal 
cocycle t : H x H — > A^(f/J fulfilling the twisted module condition and the 
coaction (p. 

(V, J^, g,A, H, ip, (FjtG/) gives the data of an A-quantum vector bundle over M. 
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Definition 4.1 The tupel (V, A1, g, A, H, cp, (rj^g/) is said to be an A-quantum vector 
bundle with coordinate system (Fj^g/ , if the following conditions hold: 

{{) The sequence — > A4 — > V is exact. 

(a) The algebras Ai{U) and V{U) are unitary for U G U^ open. 

{Hi) Let the sheaf morphisms V^^^ : M. \u,r\Ui^ #(. ^ — ^ M. |[/,n(7„ #k^ be defined by 
iXK,i)u = (Xk)u o (rj^ , where U C U^ H U^ open. Then one can find linear 
mappings t^^^ : H — > M.{U^ fl f/^) ; i, k € / such that the following equations 
hold: 

(r,)^ (/#j) = 0uif) feM,UcU, (59) 

(r«,J^ = (m ® id) o {id ® (r^l'^^" o r,,«) ® irf) o {id ® ip) (60) 



Remark 4.2 Equation ( pO| ) can a/so 6e written in the form 

^kM#^9) = Yl f T^A9{-i)) ® 9{o), (61) 

(9) 

w/iere / G A^(t/), 5- G A and t/ C t/, H t/^ H Ux. 



Remark 4.3 The tupel {V,A4, g,A,H,ip,{T^)^(zi) should better be defined as a quan- 
tum vector bundle with coordinate system similarly like in the case of quantum prin- 
cipal bundles {see definition |3.1|) . Quantum vector bundles were equivalence classes of 
quantum vector bundles with coordinate system. But this procedure does not give new 
aspects, and the technical details are analog to the ones in the definition of qauntum 
principal bundles. 

The transition functions r^ ^ are not independant from eacli otlier. 
Proposition 4.4 The linear mappings 

r.,K : H — > M{U,nU^), l, k e I 

form an H-cocycle in A^ over (f/J^g/. 
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Proof: This can be shown exactly hke in proposition |3.12|. D 



We state the next theorem but postpone the proof till we introduce noncommutative 
associated bundles. 

Theorem 4.5 Let (''"((,,k))^ ^ip/x/ ^^ ^^ H-cocycle in M., and ip : A — > H ® A 
a left coaction on the quadratic algebra A. Further suppose that the mappings a^ : 
H X A4 \u, — ^ -M \u, are actions and the cocycles l : H x H — > A^(f/J are trivial 
that means L{h, I) = e{h) e{l) for 1 h,l & H . Then there exists a quantum vector 
bundle which has A as its typical fibre, H as its structure group and the t^k as transition 
functions. 

Classical vector bundles are natural examples of quantum vector bundles as will be 
shown in the following. 

Let vr : E — > M be a real vector bundle of dimension n over the topological space 
M, where the structure group G C Gl{n,M) is compact. Now define the following 
objects 0: 

{i) M. is the sheaf of continuous bounded C-functions on M. 
{ii) V is the sheaf on M defined by 

U — > V{U), UcMoSen, 

iv — ' V(i^), V CU CM open. 

Here V{U) is the algebra of complex continuous bounded functions on n^^{U) 
and V{iy) the restriction from tt~^{U) to 7i^^{V). 

(Hi) g is the sheaf morphism 

IT* : M — > V, 

nl; : M{U) -^ V{U), f ^ fon\u, U C M. 

(iv) A is the quadratic algebra of complex polynomials in n variables xi , ..., Xn , where 
the Xi are the coordinate projections of M". Further let A be the *-Frechet algebra 
of complex continuous functions on MP. Then A lies densly in A. 

(f ) G gives the (topological) Hopf algebra H of continuous functions on G. 



■^ Here we use a slight topological generalisation of our concept, but dont want to go deeper in the 
subject at the moment. 
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(vi) if is dual to the action G x R" — > M" , that means ip is the coaction 

A — > H®A 

f ^ E/(-i)®/(o) = iia,v) ^ fiav)). 
if) 

{vii) Let {U^)^^j be an open covering of M such that triviahsations ip^ : E \u^ — > 
Ui, X W^ exist. These induce sheaf isomorphisms 

r, : M\u, #.A -^ V|c/„ 

f®g I — > (/®^)o^J;7,, 

where g E A, f E A4{U), and f/ C f/^ open. 

Obviously the above defined objects give rise to the following example. 

Example 4.6 The tupel {V,Ai,g,A,H,(f,(r^)^(zi) is a quantum vector bundle over 
M. 



Example 4.7 Let M. he an arbitrary quantum space over M , H a Hopf algebra, and 
A a quadratic H-left comodule algebra with coaction ip. Then 

V = M®A, 

Q : M > V, 

gives a trivial quantum vector bundle (V, A1, Q, A, H, ip, (id)). 



4.2 Associated Quantum Vector Bundles 

One of the most import tools in the geometry of fibre bundles are the associated vector 
bundles. They are used in physics as well. More precisely do material fields live in 
vector bundles which are associated to a principal bundle describing the gauge trans- 
formations. Because of their importance in geometry and physics we want to translate 
associated vector bundles to the quantum language. To find the right definition we will 
first examine the classical analogon and then dualise the classical objects and relations. 
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In classical geometry one first forms the cartesian product P x V, where P is 
a principal bundle over a topological space M and V a vector space on which the 
structure group G of the principal bundle acts from the left. Now 

(PxV)xG ^ PxV 

{{a,v),g) I — > {ag,g^v), aeP, veV, geG. 

defines a right G-action on P x V. 

In the noncommutative case we have a quantum principal bundle V over A1 with 
coaction : V — > V ®H , a. quadratic algebra A and a left coaction Lp : A — > H ® A. 
The left coaction is supposed to be a morphism of algebras. Now one can construct a 
morphism of sheaves of complex vector spaces ip : A®V — ^ A®V ® H by 

f®g^^^u{f®g)= T. U)^m^iS-^f(-i))9(i), (63) 

if),{9) 

where f & A, g E V{U) and U d M open. Furthermore we used the notation 

(t^ia) = J29(o)®g{i) and (^(/) = 5I/(-i)®/(o) (64) 

(g) if) 

The ip is the noncommutative analogon to the above G-action on P x V. 

Lemma 4.8 tpu '■ A® 'P{U) — > A (g) V{U) ® H is a right H-coaction for all U C M 
open, that is 

{id ® A) oipu = (ipu (g) id) o ipu (65) 

{id ®id®t)oil)u = id. (66) 

Proof: Let us first show equation (^). On the one hand the relation 

{ipu ® id) oipu {f ® g) 
= {ipu®id) Y^ /(o) ®^(o) ® ('5"V(-i))^(i) 

(/),(9) 

= E /(o)®m®('5"V(-i))^(i)®('5-V(-2))(?(2), (67) 

(/),(9) 

is true. On the other hand we have with the flip operator r 

A(5-V(-i)^(i)) 
= A(^-V(-i)) ■ A((7(i)) 
= ((S-i®5-i)oroA(/(_i)))-A((7(i)) 
= (5-V(-i) ® 5- V(-2)) • (^(1) ® gm). (68) 
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Altogether this gives 

{^u ® id) oipu {f (g) g) 

= Y. /(o) ® m ® ^{s-^f i-i) 9(1]) 

= {id^A)^u{f^g)- (69) 

The relation (^) is a consequence of 

{id ® id ® e) o ipu (/(g) g) 
= {e o S'^ IS) id IS) id ® e) o (cp (p) {f (g) g) 
= {eSidSidSe)o{ifS(f)){fSg) 
= f®g. (70) 

This proofs the lemma. □ 

In the theory of commutative fibre bundles one defines an equivalence relation ~ on 
PxVhy 

{a,v)r^{b,w) ^ {a,v) = {bg,g~'^w), g E G. (71) 

The equivalence classes of this equivalence relation form a vector bundle E over M, 
the associated vector bundle. 

We want to dualise this. A function f E C{P xV) is said to be lifted by a function 
/ e C{E), if / op = / for the canonical projection p : P x V — > E . f can be lifted 
or regarded as a function on the vector bundle E if and only if for all a E V, v E V 
and g E G 

f{ag,g-\) = f{a,v). (72) 

In the language of quantum principal bundle this means that the element 

/ = E/^®// e A®P(t/), UCM (73) 

i 

can be regarded as an element of the associated quantum principal bundle if and only 
if 

^u{J2f^®f^) = /.®/;®l- (74) 
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Therefore we define for all U G M open 
V{U) 

i i 

Remark 4.9 V(f/) is the cotens or product of A andV{U) over H , in signs 

V{U) = AUhV{U). (75) 

Theorem 4.10 Let us set 



V{U) = AUhV{U), 

M 
V 



V(i^) = zdA^rY 



for V G U G M open. This gives a sheaf of associative algebras over M , where the 
multiplication m : V{U) ® V{U) — > V(f/) is defined by f ■ g = J2 fidj ® fi9j, with 

id 

f = yYj fi® fij, 9 = [J2 9j ® 9j) £ "^{U) . So V becomes a quantum space. 

Proof: It is obvious that V is a subsheaf of the sheaf A^V oi complex vector spaces. 
Therefore we only have to show 

^u ( E f^9J ® f:9'j) = E f^9J ® f:9- ® 1 (76) 

i,j i,j 

We get with the universal property of the tensor product: 
V^i/(E fi9j® f'i9'j^ 

i,j 

= E E fiio)9jio)®fl(o)9j(o)® 

®{s-'9n-i)){s-^hi-i))fki)9-m 

= E E (E E fi(»)9no)®f'i(Q)9',(o)® 

i (9M9',) i (h)m 

®(^"'^.(-i))((^"V.(-i))/;(i))^;-(i) 

= E E {Y. fi9j (0) ® fi 9j (0) ® iS-^9j (-1)) 9'j (1)) 

= T.h9,®n9-®1- (77) 



«j 
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D 

The quantum space V will turn out to be a quantum vector bundle. We are going to 
proof this and want to find appropriate local triviahsations. Let U = {Ui,)^^j be an 
open covering of M such that the given quantum principal bundle (P, A^, g, H, {Q,)^^i) 
is locally trivial over U and the r^^^ are transition functions. According to proposition 
|3.12| the family {t^^i^)^^i is an if-cocycle in M.. Now the morphisms of sheaves with 
values in the category of complex vector spaces 

r, : M\u, #.A — ^ A®V\u, 

f®g I — ^ {To{VL,®id)o{id®'^)){f ®g) = 

= E^(o)®(fi.(/#^(-i))) 
i'j) 

can be defined, where the crossed product M.\u, #t^ is given by the weak action 
a, : H X M \u, — ^ -^ \u, , the normal cocycle l : H x H — > M{U,) and the left 



iiT-coaction ip : A — > H i^ A in the sense of theorem p.6| . The F^ are the local 
triviahsations we are looking for. Before we can proof this, some general statements 
about the F^ have to be made. 

Lemma 4.11 For all U G M open 

(z) (Fjjj is a morphism of algebras with unity, 
(u) /m(Fj^ C V{U). 

Proof: We only show the lemma for the case of a trivial cocycle l : H x H — > Ai{U^) . 
The general case goes with the same argument but requires a lot more writing. Let /, 
/' G M.{U) and g, g' G A. Then i) is a consequence of the following two equations: 

= Er.(/^(-i)/'®m^') 
(9) 

= ^{Y. (^'(/ 9(-2) /'#^(-l) ^1-1)) ® ^(0) ^(0))) 

(9) 

(9) 

= t{y: (a(/#^(-i)) ® ^(0)) ■ (a(r#^[-i)) ® ^|o))) 
(9) 

= TXf^g)-TXf'^g'), (78) 

F,(1®1) = (1®1). (79) 
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As the inverse S ^ oi the antipode S satisfies the relation 

T. S-\9i2)) ■ 9ii) =eig)l (80) 

(9) 

one gets 

(ff) 

(9) 
(9) 
(9) 

= ^(/®(7)®1. (81) 

This entails ii). □ 

Now r^ can be considered as a mapping V^ : J^\u^ #t ^ — ^ '^\u, ■ Next we need an 
inverse of this F^. Define 

C : A®P|^, ^ ^k. #.^ 

U®9) ^ ((2rf®e)ofi-i)((7)®/ = 

= {id^t® id) o (J^-i ®id)oT{f ® g). 

Then the equation 

C°r,(/®(7) 

= {id® t® id) o (r2t ® i(i) o iVt® id) o (ic? ® ip) {f ® g) 

= {id® t® id) o {id ® (f) {f ® g) 

= f®g, (82) 

is true and therefore 

C o r, = id. (83) 

If we further set P^ = T ^ o d^ : A ® V\u, — ^ ^®'T^\u, i equation ( p3|) implies 

P. = P.o P„ (84) 
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that means {Pl)^ is a projection onto Im(r^)jj. Finally only Im{P^)jj = V{U) has to 

be shown for U C U^ open. 

From now on we must assume L{h, I) = e{h) e{l) 1 for all h,l E H . 

Lemma 4.12 A ® V{U), U G U^ is an H-bimodule, if the left and right action are 
defined as follows: 

,.. Hx{A®V{U)) -^ A®V{U) 

^'> {Kf®g) ^ h-{f®g) = f® (a(l#/^) g)^ 

{A®V{U))xH — y A®V{U) 



^''' {f®g.h) ^ if®g)-h = f®ign,ilifh)). 

Proof: The proof is done by an easy calculation. D 

Now we have all the necessary tools to show the main proposition. 
Proposition 4.13 For all l E I 

F, : M\u, #,A — > V\u, 

f®g ^-^ E m ® (a (/#(7{-i))) 

is an isomorphism of sheaves of algebras. The restriction of the sheaf morphism 

C : A®V\u, -^ M\u,j^.A 

{f®g) ^ {{id®e)on-^){g)®f 

to V\u, gives the inverse ofV^. Furthermore for all l, k, E I 

{T-\o{T,)^if®g) 

= E/-^^a(^(-i))®^(o)' f®gEM4^,A. (85) 

(a) 

Proof: Because of equation (^) it suffices to show 

Im{P,)^ = V(t/), U C U,. (86) 

for the proof of the first part of the proposition. The elements/ E A, g E Ai{U), 
h E H satisfy the equation 

2P{f®n,{g4^h)) = Yl /(o)®a(^#/^(i))®(5-V(-i))/i(2) (87) 

(/),W 
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according to the definition oi ip. As also 

= TMh)g®f) 

= E/(0)®(eWa(^#/-i))). (88) 

(/) 

is true, equation (|80|) and the right action in lemma 4.12| imply the following relation: 



ifUh) 

(/) 

= E /(O) ® (a(^#/(-l)) a(l#(5-' /(-2))) a(l#/^)) 
(/) 

= E /(o) ® (a(^#(/(-i) (5-' /(-2)))) a(i#/i)) 

= E /(O) ® (a(^#e(/(-i)) 1) a(l#/^)) 
(/) 

= f®n,{gm- (89) 

For Z) /j ® (yfj G A (g) P(f/) assume i^ (j2 fi ^ gi) = J2 f'j ® g'j ® ^j • As r^^ is a sheaf 

i i j 

morphism (|H7| ) and ( PU]) entail P^ having the property 

J2P^ifj®gj)-h, = Y.h®g^- (9o) 

3 i 

So if E /i ® fl'i e V{U) , equation (ID gives 

i 

E ^^(/^ ® ^i) = E ^^(/; ® ^P ■ /^. = E /^ ® ^- (91) 

i j i 

Therefore Im{P,)^ = V{U). 

The equation (|85D is a direct consequence of the definition of the F^, (^ and the 
transition functions r^^^. Explicitly the relation (41) gives 



iQu°i^^)uif^g) 

(9) 

= J2 f ■^^Ag{-i))®g(o)- (92) 



(9) 
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Quod erat demonstrandum. D 

Now we get the desired result. 

Corollary 4.14 Let A be a quadratic algebra, (p a left H-coaction and V an A- 
quantum principal bundle over Ai, where the trivialisations are defined by actions 
a^ : H X Ai \u, — ^ -M \u, and trivial cocycles l : H x H — > A4{U^) . Then the tupel 
(V, A^, Q, A, H, if, (rjtg/), gives an A-quantum vector bundle with transition functions 
'Ti,K, L, 1^ E I , where V, T^ are constructed like above, and g is defined by 

Q : M ^ V 

/ ^ l®Q{f)- 

Proof: It only has to be shown that q is welldefined. Now 

0(^ (/)) = ^ (/) ® 1, / e MiU), UCM (93) 

implies 

V^(l®^(/)) = l®f?(/)®l, (94) 

and that proofs g being welldefined. □ 



Now the proof of theorem ^^ can be given. 



Proof (Theorem [4.5|) : For the if-cocycle iTi,,K)uK)(^ixi construct a quantum principal 



bundle according to theorem |3.14| . Corollary |4.14| provides the quantum vector bundle 



we are looking for. □ 



4.3 Differential Calculus 

In this section we want to define a differential calculus and connections on quantum 
principal and quantum vector bundles. 



First we generalise the concept of a differential calculus over an algebra [P4| , |23| to 
quantum spaces. 

Definition 4.15 Let M. be a quantum space, T> a bimodule sheaf over M. and d : 
Ai — > T> a sheaf morphism. {T>,d) is said to be a differential calculus over M., if for 
all f,gE Ai{U), U G M the following conditions are satisfied: 

(z) d{fg) = {df)g + f{dg). 
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{ii) Every element uo G T>(U) has the form 



UJ 



Yl fk dgk, 



k=l 



where fk,gk G M.{U), k = 1, ...,n , n eN. 

If we assume to have a quantum principal bundle — > Ai — > V and differential 
calculi over M. and P, the question is in which sense the differential calculi fit together. 



Definition 4.16 Let — > M. — > V he a quantum principal bundle, {V,d') a dif- 
ferential calculus over Ai and {T>^d) a differential calculus over V . {T>^d) is said to 
induce {V,d'), if there exists a sheaf morphism g^ : V — > T) over g such that the 
diagram 




commutes with exact horizontal lines. 

The morphism g determines the morphism g^, in a certain sense. To see this choose 
fkJk eM{U), U C M open, k = l,...,n. Then 



Q*{T.fkd'fL) = T.(^Uk)dgUl). 

k=l fc=l 

This equation can be taken to define a morphism g^,. 



(95) 



Theorem 4.17 Let {'Djd) be a differential calculus over a quantum principal bundle 
V . If the pair {V,d') is defined by 

r " 

V'{U) = {e Q{fk)dgUl) eV{U) : 
^k=i 

fkJ'kEMiU), k=l,...,n, neN} 
d' = d\g{^M) °0, 
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one receives a differential calculus {V,d') over M., which is induced by the morphism 
g^ : V — > V 

n n 

E Q{fk)dgUl) ^ E Q{fk)dgUl)- 
fc=i fc=i 

Proof: Obvious by the above considerations. □ 

In the following let {Ui)^^i be a trivialisation covering of P. Further assume the cocycles 
i : H X H — > Ai{Ui,) being trivial and the a^ : H x Ai \u, — ^ -Mu, being actions. 

For an open U C U^ the equations V^ = V \ij^ and d^i^fi^^g) = d o fi^(f^^g) , 
/ e A4{U) , g E H define a differential calculus on M. \u, H^lH such that d,,{f^^l) = 
d'if) for f eM{U) and 

d.img) = d'if) ■ a(i#.^) + gif) ■ rffi(i#.^). (96) 

Now we would like to care about the inverse problem and suppose to be given a dif- 
ferential calculus {DH,d) on the Hopf algebra H and a differential calculus {T>'j^,d') 
on Ai. Assuming the following consistency condition we will construct a differential 
calculus (V-p,d) on V. 

• (Consistency Condition) 

The actions a^ : H x M. \u, — ^ -^u, satisfy the equation 

E (^(1) -^ h) d'igm -. fu) = (97) 

n 

for all geH/ii E fkd'fl = with /,, fleM{U),U ^U, open. 

k=l 

This consistency condition guarantees the existence of an action 

a : H X Dm \u, — > I^M \u, 

9, E fk d'fl) ^ E (^(1) ■. fk) d'{g^2) -. fD- 
fc=l ^ ig),i<k<n 



Lemma 4.18 Define for U G M open: 



vuu) = ®{vuu)). 



L&I 



{v^AU)), = VM{u,r\U)®H ® M{u,r\U)®DH. 
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Then Vj,{U) is a bimodule over 

VoiU) = ® M{U,nU)i^M. 
Lei 

The left and right actions are given by 

(/ (»g){a(»g' + f'® h) 
= E / (^(1) ■ «) ® 9(2) g' + f (9(1) ■ /') ® (^(2) ■ b) , (98) 

(9) 



(a ® ^ + / ® 6) (/' ® g') 
= E «(^(i)-/')®^(2)^' + /(&(-i)-/')®(&(0)-^'), (99) 

where f,f' E M{U, n f/) , g,g' E H , aE Vm{U, H U) and b E Dh- 

Proof: The following two equations 

iif"^9")if®9))ia^g' + f'®b) 
= E (/" (^(1) ■ /) ® ^(2) 9) (a g' + f® b) 

(9") 

= E /" (^(1) ■ /) ((^(2) ^(1)) ■ «) ® 9^ 9(2) 9' + 
(gUa") 

+ f" i9m ■ f) ((^(2) ^(1)) ■ /') ® ((^(3) ^(2)) • b) , (100) 

if^9")iif^9)ia®g' + f®b)) 
= if ® 9") ( E / (^(1) ■ «) ® 9(2) g+f {9(1) ■ n ® {9(2) ■ h) 

(9) 

= E f" {9(1) -{f {9(1)-^))) ^9^9(2) 9' + 

(9),(9") 

+ r {9'!i) ■ {f {9(1) ■ m ^ {{9'!2) 9(2)) ■ b) 

= E /" (^(1) ■ /) ((^(2) ^(1)) • «) ® ^(3) 9(2) 9' + 

(9),(9") 

+ f" {9(1) ■ f) («2) ^(1)) ■ /') ® («3) ^(2)) • b) , (101) 



proof 



{{r®9"){f®9)){a0 9' + f0b) 
= {f"®9"){{f®9){a®9' + f®b)). (102) 
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The rest is shown similarly. D 

In the next step we will provide the derivation operator d. 

d : V^ -^ V^^iU), d = Ed, 

d, : M(f/,nf/)#,iJ -^ ivliu))^ 

fi^g ^^ d'f®g + f® dg. 

The operator d the Leibniz rule: 

d.{U ® 9)U' ® g')) 

= E d.if (9(1) ■ n ® 9(2) 9') 

(9) 

= E (d'if (9(1) ■ /'))) ® 9(2) 9') + / (^(1) ■ /') ® d{g^2) 9') 
(a) 

= E iid'f) (9(1) ■/')+/ ^'(^(1) ■ /')) ® 9(2) 9' + 
(9) 

+ / (^(1) ■ /') ® iidg^2)) 9 + 9(2) {dg')), (103) 

{di!®g)){r®g') + if ® g) {d^if ® g')) 

= T.(d'f®g + f®dg)U'®9') + U ® 9) {d' f ® g' + f ® dg') 
(9) 

= E (d'f) ((7(1) ■ /') ® (7(2) 9' + f {9(1) ■ /') ® (c?^(2)) (?' + 
(9) 
f d'ign) ■ f) ® g(2) 9' + f {9(1) ■ n ® 9(2) (dg'). (104) 

n 

Now we have to show that every e = J2 cik d'hk (8> c^ + a'j. (8> 6^ rfc'^ with a^, a'^, 6^ ^ 

k=l 

M{U, n f/), Cfc, 6fc, 4 ^ -f^ has the form 

m 

e = T.fidfi (105) 

1=1 

with //, // G A1([/ n U,)i^i^H . But this is an easy consequence from 

n 

e = E E (afc®Cfc(2))rf((S'~^Cfc(i) -fefc) ® 1)+ ,,^^, 

fc=i (cfc) (106) 

+ (afc®6fc)c?(l®4), 
where we have used the antipode being bijective. 
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The 'P(f/)-bimodule V-p{U) has to be defined. According to equation P9| ) the 
algebra V{U) can be regarded as a subalgebra of VoiJJ). Therefore we set 



Vr{U) = vMod{Y^dJ, -.Y^f^^ nU)] C Vl{U), 



(107) 



L&I 



which means that V-piJJ) is the V{U)-\eit module generated by X) dj\. Because of the 
Leibniz rule 'D'p{U) is a P(t/)-right module as well. Furthermore the relation 



fc=i te/ 



108) 



fc=i 



whith fk.f'k £ -^(f^)) l</c<n, nGN gives a welldefined sheaf morphism g^ 
V — >V. Then 



11 11 



fc=i 
and the diagram 



(109) 



fc=i 




commutes. It still has to be shown the lower sequence being exact. But this is obvious 
remembering equation ( |108| ) and the properties of the restriction mappings. 
We subsume our results in the following theorem. 

Theorem 4.19 Let H be a Hopf algebra with differential calculus {Dh, d). Further let 
{T>'j^^d') be a differential calculus on the base quantum space M.. Then every quantum 
principal bundle V which fulfills the consistency condition has a differential calculus 
(Vp,d) induced by {V'j^^d'). 

Finally the concept of connections on a quantum principal bundle shall be explained. 
It is still assumed the differential calculi (V'j^,d') and (V-p,d) being induced by g : 
V\^ — > V-p . Denotate by A_m(V) (resp. AmCP)) the basis subalgebra (resp. basis 



M 



subsheaf) of differential forms on V, i. e. 



AMiV) = Im{{g,)M) 



and 



Am{V) = Im{g,). 



(110) 
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Then Ah = ■pMod(AM{'P)) is the sheaf of horizontal differential forms on V or in 
other words is the P-submodule sheaf generated by Am i'P) ■ 

The motivation for this comes out of commutative geometry, where the basis subal- 
gebra of differential forms and the sheaf of horizontal forms are defined in an analog way 
(compare Greub, Halperin, Vanstone 0). Now if the sheaf Ah has a complementary 
sheaf Av in V-p, we say that Av defines a connection on V. 

Definition 4.20 A quantum principal bundle is said to have a connection, if the se- 
quence 

— >Ah — >V-p — > V-pI Ah — > 

splits. In that case the connection is a module sheaf Av such that V-p = Ah © Ay 
gives the splitting. 

Remark 4.21 Locally always connections exist, but it is not obvious whether they can 
be glued together. In the classical case of principal bundles over paracompact manifolds 
this is possible as one has an appropriate partition of unity. 



5 Noncommutative Instanton Models 

5.1 A g-deformed Space Time 

In the following we will construct a quantum space A1, which is a deformation of the 
sheaf of continuous functions on the 4-sphere. This quantum space will be important 
for the definition of the noncommutative instanton models and can be regarded as a 
noncommutative space time over the classical euclidean background S^. 
Let us first introduce some notation. 

(space time) 
(enlarged space time) 
(north pole of S^) 
(south pole of S"^) 
(northern hemisphere of S^) 
(southern hemisphere of S"*^) 

Let IZ be the locally constant sheaf on S*^ with objects in the algebra SUq{2), Z be 
the sheaf of continuous, bounded and complex valued functions on the interval [—1,1] 
such that the condition 

fix) = (111) 
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M 


= S' 


M 


= ^'x [-1,1] 


NP 


= (0,0,0,0,1) 


SP 


= (0,0,0,0,-1 


Ui 


= S^\{SP} 


U2 


= S^\{NP} 



for / G Z{U) , U C [-1, 1] open and x G {-1, 1} is fulfilled. 

Before we start with the explicit and somewhat technical construction let us give 
some motivation and interpretation. The sheaf 7?. is being regarded as the g-deformed 
spatial part of the classical background space time M = S"^, the sheaf Z as the un- 
deformed time part. It is not possible to directly build a sheaf Ai out of TZ and Z. 
First the tensor product of TZ and Z is formed which gives a sheaf Ai on the cylinder 
M. In the next step S^ x {—1} (resp. S^ x {!}) are glued together to the north pole 
(resp. south pole) of M. The gluing is carried over to the local algebras of the sheaf 
Ai, where it gives the desired A^. Altogether one could say that At is g-deformed in 
the horizontal direction and undeformed in the vertical direction. 

Now for the construction of A^ take W, W C S^ and V, V C [—1, 1] open. Define 

M{VxW) := n{V)®Z{W), 

M(jVxW N ._ vy.w ._ V (r.^w y^^-^) 

As the V X W form a basis of the topology of M, we get a uniquely defined sheaf A^ 
on M = S*^ X [—1, 1]. Let us now precise what we mean by "gluing". Mathematically 
this is nothing else than the projection 



TT 



53 X [-1,1] -^ S\ 



This projection has an inverse on S^x] — 1, 1[, namely 

^ : S^\{NP,SP} — > S^x]-l,l[, 

(xi,...,X5) I — > (-^i=(a;i,...,X4),X5). 

This mirrors the fact that the 4-sphere without the north and south pole is topologically 
equivalent to the cylinder S*^ x ] — 1, 1[ . Now set 

M{U) := M{n-\U)) = M{ij{U)) (113) 

for U C S^\ {NP, SP} = f/i n f/s . To find the right definition for M{U) ,iiNP eU 
or SP G U, let us first have a look at the sheaf of continuous bounded functions on the 
sphere S*^. Each such function / defined on the northern hemisphere f/i can uniquely 
be written in the form 

/ = fred + Z, (114) 

where fred £ ^{U) , f{NP) = and z E C. Furthermore the set of continuous 
bounded and complex valued functions on Ui whose value at the north pole vanish 
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can be identified with the (topological) tensor product C{S^) Z(] — 1, 1[) . Therefore 
the set of complex continuous bounded functions on the northern hemisphere Ui is 
isomorphic to {C{S^) ® Z(] — 1, 1[)) © C. f/2 satisfies an analogous result. The above 
considerations suggest to set 

M{Ui) := MiS'x]-l,l])®C = M{n-\Ui))®C, 

M{U2) := M{S''x[-l,l[)®C = M{ti-\U2))®C. ^ ^ 

Furthermore we define 

M{U) ■= M{'K-\U))®C, (116) 

where U G M and either NP G t/ or SP G U. The restriction morphisms Vy : 
Ai(U) — > J^{V) , V C U C M are given by the following definition. 

• LetU,V C M\ {NP, SP} and f e M{U) = M{iIj{U)). Then define 

r^if) ■■= <(?!(/)• (117) 

• Let t/ C M and V C U, where either NPe U 01 SP E U, and f E M{U). With 
the representation / = fred + z , fred £ A4(7r^^([/)) , 2; G C define 

r'^U) ■■=4%]Ured)+Z. (118) 

For a basis of the topology of M we have defined local algebras M.{U) and restriction 
morphisms such that over the basis of the topology the sheaf axioms are satisfied. 
Therefore we get a sheaf M. over M, which we call the g-deformed space time over the 
background S^. 

Proposition 5.1 The q-deformed space time is a quantum space. 



5.2 The g'-deformed Instanton Models 

The base quantum space of the g-deformed instanton models is the quantum space in 

proposition ^A\ 

Let us introduce some more notation: 



Va = {x G S"^ : X5 > a} mit — 1 < a < 1, 
bV = {xeS^ : X5< b} mit -1 < 6 < 1. 
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Now we can define the mappings t}^ : SUq{2) — > M.{U^ fl [/«;) for i, k = 1, 2 by 

rl,{h) = e{h)l, 
Tl,{h) = e{h)l, 

riiih) = S{h)®l, 

wfiere we used h e SUq{2) and tlie relation M{Ui n U2) = SUq{2) ® Z{] - 1, 1[) (see 
and ( |112D ). Tlie following lemma is obvious. 



Lemma 5.2 {T^^)i<t^i^<2 ^^ '^ SUg{2)-cocycle in M. over {U^)^^^^- 

Remark 5.3 If q = 1 {that means in the commutative case) we can write for h G 
SUi{2) = T[SU{2)) , X G f/i n f/2 .■ 

Tl^{h)[x) = h{l) = /i(r/i,i(x)), 

Tl,{h){x) = h{l) = h{r]2,2{x)), 

^1,2 (^) (^) = ^(^1,2 (x)), 

'^liWix) = h{r]2,i{x)) = h{r]{^l{x)), 

where the rji^^^^ : U^nU^ — > SU{2) , t, k = 1,2 are classical transition functions given 
by 

(xi,...,X5) I — > r]i^i{xi,...,X5) = 1, 
(xi,...,X5) I — > r72,2(a;i,...,X5) = 1, 

(xi,...,X5) I — > {yi,...,y5) 

\y^ + WA yi-W2 J 

{xi,...,X5) I — > r]2,i{xi,...,X5) = r]il{xu...,X5). 

In the following we need S'f/g(2)-actions on the quantum space A4{Ui,), l = 1,2. The 
quantum group SUq{2) acts trivially on ^A{U2)'■ 

(fti)^ : SUq{2)xM{U) — > M{U), f/Cf/2open 

{Kf) ^ h-2f = t{h)f. 

The family {.{.(yh)u)u(zU2 &^^^ ^ sheaf morphism a^ : SUq{2) x M. \ij,^ — > M. \u2 ■ Now 
define functions 

{a\)^ : SUq{2)xM{U) — > M{U), f/ C f/i open 
{h,f) ^ h;f 

by the following procedure: 
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If f/ = Tr{Vx]a,b[) with V C S^ open, -1 < a < 6 < 1, equations ( |112D and 
( ITT3D proof MiU) = SUg{2) Z{]a,b[) . In this case define for hje SUg{2), 
reZ(\a,b[y. 



h-i{f ®r) 



(119) 



(h) 



liU = Vc with c > -1, equation (|T|) imphes M{U) = SUg{2)®Z{]c,l[)®C. 
In that case define for h, f G SUq{2), r G Z(]c, 1[), z E C: 



= {al)u{h,f®r + z) 

= J2hi)fiSh2))®r + z. 



(120) 



(h) 



The mappings («{)[; are S't/g(2)-actions on Jli{U). Furthermore the diagram 



SUg{2) ^ 


^^M{U) 


id®i^ 




SU,{2) ^ 


^M{U) 



[a 



i)u 



[a 



M{U) 

M{ij) 



i)u 



commutes for all f/ C f/ open with U,U & B and 

B = {7T{Vx]a,b[), Vc G Pot{M) : 

V C S^ open , -1 < a < 6 < 1, c> -1 }. 

As i3 is a basis of the open sets in U, we get a sheaf morphism a\ : SUq{2) x M. \u^ — > 
M.\u^, whose components are actions. 

Now we can construct the smash products M. \ui H^iSUq{2) and M. \u2 H^2SUq{2) 
with the actions a\ and a\ . Next we will show that the noncommutative coordinate 
changes 

^\,i = {fn® id) o {id (g) t^^ (g) id) o {id (g) A) : 

M{U,nU2)i^,SUq{2) -^ M{UinU2)i^.SUq{2) 
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are morphisms of algebras. Let l = 1, k = 2. Then Vl\ ^ has the form 

^lAU ® r)4^h) =J2if- hi) ® 0#/^{2), (121) 

(h) 

where h, f ^ SUq{2) and r G Z{\ — 1, 1[). But that is exactly the form the morphism 
$ in theorem [B.5| has, if we let ui, U2 G Hom{SUq{2),M.{U)) be defined by: 

u^{h) = h0l, heSUq{2) 

U2{h) = e{h)l, h E SUq{2). 

The quantum space A^, the S't/g(2)-cocycle {r}^^^^ ^^^ and the actions a^, i = 1, 2 
fulfill the conditions of theorem |3.14| . Therefore we get a unique quantum principal 
bundle 

{V\M,Q\SU,{2),{U,),e{i,2}) 

with transition functions (Tt^K)i<tK<2 ^^^ ^^^^ ^^ ^^^ instanton model for the index 
k = 1. In the case g = 1 we get Fhe undeformed instanton model with index 1. 

The instanton model for the index A; = is the trivial one: 

{V',M,M,q\SU,{2)), 

that means V^ = M (S) SUq{2) and 

g^ : M — > P°, 

/ ^f?°(/) = /®l, /G-M(f/), f/cM. 

Let us subsume the results in a theorem. 

Theorem 5.4 The q-deformed instanton models 

iP\M,M,g\SU,{2)) 

with index k = 0,1 are noncommutative quantum principal bundles, which turn into 
the classical ones for q = I. 

But there exist g-deformed instanton models for all k E T,. To see that consider the 
mappings: 

u^, M^ e Hom{SUq{2),M{Uir]U2)), k e Z, 
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which are defined for all n G N by 

uUh) = E hi) ■ ... ■ hn) ® 1, he SUgi2) 

(h) 

ul{h) = e{h) 1 ® 1, he SUg{2) 

M^"(/i) = u^(h), h e SUgl2) 

u^^lh) = <o5(/i) heSUq{2). 

The for all k e Z: 

u'l*u^'' = 1 = ul*u-^. (122) 

Let us construct actions af : SUq(2) x M. \u^ — > J\A \u, with the -uf and the following 
recipe: 

• If f/ = 14, c> -1, MiU) has the form SUg{2) ® Z{]c, 1]) © C and we define for 
hj e SUg{2), r e Z(]c, ij) and z e C: 

h-i{f ®r + z) 
= {a%ih,f0r + z) 

= Y.<(hr))U®r)ut{h2))+z. (123) 

{h) 

• \iU = dV, d<l, M{U) has the form SUq{2) ® Z{[-l,d\) © C and we define 
for h,f e SUg{2), r e Z(\c, 1]) and z e C: 

h-2{f^r + z) 
= {a%{hj®r + z) 

= Y.4{hv,){f ®r)u-,\hi2)) + z. (124) 

{h) 

• But if f/ = 7v{Vx]a,b[) with V C S^ open, -1 < a < 6 < 1, M{U) has the 
form SUg{2) © Z{]a, b[) and we set for h, f e SUq{2) and r G Z(\a, b[): 

h-i{f(g)r) 
= (alUhJ^r) 

= E^t(/^(i))(/®^)«2-'(^(2)), (125) 

(h) 

h-2if(S)r) 
= {al)^{hj®r) 

= T.^2{hw)U®r)u~,\h2)). (126) 

{h) 
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Altogether this provides sheaf morphisms 



whose components (aj^)^, U C U^, l = 1,2 are weak actions by theorem |B.4| . Further- 
more theorem [B.4| gives normal cocycles l : SUq{2) x SUq{2) — > M.{Ui) and crossed 
products M{U,)4^,SUq{2) . 

Finally we have to find transition functions which lead to quantum principal bun- 
dles. Theorem B.5 in the appendix gives a hint. If we define r^^^ : SUg{2) — > 
M{U,nU^) for 6, K = 1,2 by 



Tl,{h) = e{h)l, 
r^h) = e(/i)l, 
rlM = E«?(^(i))%'(/^(2); 

ih) 



h e 5t/,(2), 
h e SUg{2), 
h G SUg{2), 

h G SUg{2), 



theorem B.5 shows the mappings 



f]^^^ = (m (g) id) o {id (g) r^^^ (g) id) o {id (g A) : 

M{U,nU2)i^,SUg{2) — > M{UinU2)#.SUg{2) 



being homomorphisms. Now by |3.14| the following is true. 



Theorem 5.5 For every index A; G Z there exists a quantum principal bundle V^ over 
the q-deformed space time Ai and with structure quantum group SUq{2) such that the 
above defined t^^ are its transition functions. This quantum principal bundle is the 
q-deformed instanton model for the index k. If q = 1 the q-deformed instanton model 
turns into the SU {2) -principal fibre bundle with index k. 



A Sheaf Theory 

Sheaves provide the natural mathematical language to switch from the local to the 
global and vice versa. Only the definition of sheaves and their morphisms are given. 
For further details see the literature, for example Tennison |^l| or Mac Lane, Moerdijk 

Every topological space M gives rise to the category T^ of open sets in M Its 
morphisms are the inclusion maps iy : V — > U, u i — > u , where V <ZU <Z M open. 
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Furthermore a continuous mapping F : M — > N between topological spaces defines 
a contravariant functor f~^ : T/v — > Tm by 



U ^ f-\U), UeOhjiT^ 

V-i(v)' 



^ ^ ^p!;;;, v,ueobj{TN), vcu. 



Definition A.l Let M be a topological space, and /C a subcategory of the category of 
sets. Then a contravariant functor 

Q : Tm — > /C 

is called a presheaf of IC- objects over M. The elements of the set Q{U) with U d M 
open are the sections of Q over U. Q is called a sheaf of IC-objects over M, if the 
following conditions are satisfied for each open covering {U\^j of an open set U C M: 

ii) Ifs,s'eg{U) and 

Su. (5) = Ou. (^'), (127) 

for all L E I , then s = s' . 
(ii) Let (sjjgj be a family of sections s^ G QiUi,), such that for all t, k, E I 

Gulnu. (s.) = gl^:nu. (s«). (128) 

Then there exists a uniquely defined s G g{U), which fulfills the relation 

<3l is) = s. 
for all i G /. 

The language of sheaves provides for an abstract characterization of local function 
algebras. Important examples are given by the sheaf Cm (resp. Cm,Cm,Om) of con- 
tinuous (resp. differentiable, analytical, holomorphic) functions on a topological space 
(resp. differentiable, real analytic, complex manifold) M. 

■^ N be a continuous mapping between topological spaces, 



Definition 


A.2 


Let 


f 


:M 


and let 










Q ■■ 


Tm 




-> 


/c 


Q' : 


Tn 




-> 


/c 
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be sheaves over M resp. N with objects in the category K,. A morphism of sheaves from 
Q to Q' over f is given by a morphism of functors 

jr.g' ^gof-\ 

If / : M — > A^ is a continuous mapping, the pull back /* : Cn — ^ Cm gives an 
example of a morphism of sheaves. 



B Crossed Products and Smash Products 

Crossed products and smash products serve to define a multiplication on the tensor 
product of a Hopf algebra and an algebra. Most of the definitions and theorems are 
given according to Blattner, Cohen and Montgomery 0. All algebras are supposed to 
have a unit. 

Definition B.l Let H be a Hopf algebra and A an algebra over the field k. A weak 
H -action on A is a bilinear mapping 

H xA — > A 
{h, a) I — > h ■ a, 

such that for all h & H and a,b & A: 

(i) h-ab = Y. {h{i) -a) {h^2) -b), 
(h) 

(ii) h-1 = e{h) ■ 1, 
(Hi) 1 ■ a = a. 

An H -action on A is given by a weak action fulfilling the condition 

{iv) h ■ {l ■ a) = (hi) ■ a 

for all h,l ^ H and a ^ A. 



Theorem B.2 Let the Hopf algebra H weakly coact on the algebra A. Furthermore let 
a : H X H — > A be a mapping which satisfies: 
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(z) (normality condition) 

a(l, h) = a{h, 1) = e{h) for all h e H. 

(a) [cocycle condition) 

Y. (^(1) ■ ^(^(1). "^(1))) ^(/i(2), ^(2)"^(2)) 

(h),(0,{m) 

= H cr(/;,(i),/(i))cr(/i(2)/(2),m) for all h,l,meH. 

{h),{i) 

[Hi) [twisted module condition) 

H (/i(i) ■(/(i)-a))a(/i(2),/(2)) 
(h),(0 

= Y^ cr(/i(i),/(i)) {h(2)l{2) ■ a) for all h,l e H, a e A. 

{h),{i) 

Then the equation 

{a^h){b(g)l) = J2 aih(i)-b)crih^2),l{i))®h(3)l(2) (129) 

gives a multiplication on A®H , which defines an algebra A^„H called a crossed product 
with unity 1®1. The elements a®h of A^^H are sometimes written in the form a^h. 

Proof: see Blattner et al. B, Corollary 4.6. □ 



Example B.3 Let the Hopf algebra H act on the algebra A. The bilinear mapping 
a : H X H — > A shall be trivial, which means that for all h,l E H 

a{h,l) = e{h)e{l)l. 

Then the assumptions of theorem |ij.2| are satisfied and the crossed product A^^H 
is defined. We call it the smash product of H and A and simply write Ajj^H . The 
multiplication on the smashed product is given by 

{ai^h){bi^l) = ^ a (/i(i) ■ b), #/i(2)/, (a#/i), (6#/) G A#i7. (130) 

{h) 
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Theorem B.4 Let H weakly act on A. Suppose the weak action is defined by an 
element of the convolutuion algebra Hom{H, A) , i. e. there exists an invertible element 
u G Hom{H, A) with u{l) = 1 such that for all h & H , a & A 

h-a = ^ ^(/^(i)) aM~^(/i(2)). (131) 

(h) 

Define the bilinear mapping a : H x H — >• A by 

aih,l) = Yl u{h^iMlii))u-\h(^2)h2)). (132) 

{h),{i) 

Then a is a normal cocycle fulfilling the twisted module condition. Therefore the as- 
sumptions of theorem [B.2| are satisfied and the crossed product A^^H exists. 

Proof: see Blattner et al. 0, Example 4.11. D 



Theorem B.5 Letui,U2 G Hom{H,A) be invertible and ui{l) = ^2(1) = 1. For each 
i G 1,2 define the weak H -action 

ai : H X A — > A 

{h,a) I — > h- a = Y. Ui{h(i))au^^{h{2)). 

(h) 

Further construct the bilinear mappings 

ai : H xH — > A 

{h,l) I — > (TiihJ) = E Ui{h{i))ui{l(i))u';^{h[2)l(2)) 

ih),{i) 



and the crossed products A^a-iH and A^^^H according to theorem |B.4| . Then the 
linear mapping 

$ : Ai^^.H -^ Ai^,,H 

(aifh) I — > J2 aui{h^i))u2^{h^2))ifh3) 
(h) 

is a morphism af algebras with unity. 

Proof: see proposition 1.19, Theorem 5.3 and Corollary 5.4 in Blattner et al. [^ □ 
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(l®l)-(/®(7) 


= if^g) 


(/' ®<7')-(l®l) 


= U'®9')- 



Suppose we are given a Hopf algebra H acting on an algebra B and a if-comodule 
algebra A with coaction : A — > H ® A. Then define a bilinear mapping bilineare 
Abbildung 

m : {B® A))< {B® A) — > {B ® A) 

{{f®9),{f'®9')) ^ {f^9)-{f'®9') 

= E / (c/(-i) ■ /') ® 9(0) 9' 
{9) 

on the tensor product B ® A. An easy calculation shows m being associativ. Addi- 
tionally we have for {f ® g), (/' ® g') G {B ® A) 

(133) 

This proofs the first part of the following theorem. 

Theorem B.6 Suppose the Hopf algebra H acts on the algebra B and A is an H- 
comodule algebra. Then the mapping 

m : {B® A))< {B® A) — > {B ® A) 

{U®g)Af'®g')) ^ U®g)-U'®g') 

= Efig(^i)-n®g(o)g' 

ia) 

turns the vector space B ® A into an algebra with unit 1 ® 1. This algebra is called the 
smash product of B and A and will be notated by B^A. If H acts only weakly on B 
and a : H X H — > 7W(f/J is a normal cocycle fulfilling the twisted module condition, 
the term 

m : {B®A)x{B®A) — > {B ® A) 

iif®g),if'®g')) ^ {f®g)-{r®g') 

(9),(9') 

defines an algebra structure on B ® A with unity 1 ® 1. The algebra defined in this 
way is called a crossed product and will be written B^^A. 

Proof: The first part has been shown above, the second one can be proven by an 
analog argument. □ 



Note added in proof: After having written this paper I received the preprint 
which is concerned with a similar matter. 
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